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Stability of the Boundary Layer on a
Spinning Semi-Infinite Circular Cylinder

Kai-Hsiung Kao* and Chuen-Yen Chowf
University of Colorado, Boulder, Colorado 80309

The incompressible laminar velocity field in the boundary layer along a semi-infinite circular cylinder is
computed numerically. Being aligned with a uniform oncoming flow, the cylinder may have a constant spin
motion about its axis. A linear stability analysis of the boundary layer is carried out employing the Chebyshev
collocation spectral method, which can be used to predict both the location at which the onset of instability
occurs and the mode of the disturbance to be first excited. Results show that the transverse curvature of the
cylinder has a stabilizing effect and the spin motion destabilizes the flow by shifting the onset of instability in
the upstream direction.

Nomenclature
c = complex phase velocity
DJft = Chebyshev collocation matrices
/ = nondimensional stream function
g - nondimensional velocity in the azimuthal

direction
/ = identiy matrix
i = V~ 1. imaginary unit
N = number of grid points
N' = order of the Chebyshev expansion
n = integer wave number in the azimuthal direction
p' - unsteady small perturbed pressure
Re = Reynolds number based on the characteristic

length, \[u^x7v
ReTo = Reynolds number based on the radius of

cylinder
r - radial distance from the center of cylinder
r0 — constant radius of the cylinder
s = nondimensional spin rate
Tk — Chebyshev polynomials
t = time
U,W = steady mean velocities
Woo = freestream velocity
w,v,w = total velocity components
u ',v ',w' = unsteady small perturbed velocities
w,v,w,/? = complex eigenfunctions
ww = azimuthal velocity of the cylinder surface
x = axial distance from the leading edge
Y = transformation parameter
a = wave number in the axial direction, real
6 = azimuthal angle
v = kinematic viscosity of the fluid
£ ,TJ = transformed variables
\l/ = dimensional stream function

Subscript
( )tr = value at onset of instability
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Superscript
(~) = transformed quantity

I. Introduction

I T has been observed in the laboratory that the transition
from laminar to turbulent flow in the boundary layer along

a cylindrical body initiates in the form of two-dimensional
Tollmien-Schlichting waves, followed by a region dominated
by three-dimensional stretching of vortex lines that leads to the
final breakdown of the flow into a chaotic state. Boundary
layers on spinning and nonspinning axisymmetric bodies ex-
hibit different modes of instability that depend on transverse
curvature and spin rate. For axisymmetric bodies without spin,
a two- or three-dimensional viscosity-conditioned instability
leads to the development of Tollmien-Schlichting waves and
their breakdown. On the other hand, for spinning bodies, an
inflectional crossflow instability generates vortices that spiral
around the spinning body and break down, possibly after a
helical instability. Each of these modes appears to possess
distinct topology of nonlinear breakdown and onset of turbu-
lence. The purpose of the present work is to study numerically
the stability properties of the boundary layer on a semi-in-
finitely long circular cylinder by varying the cylinder radius or
the spin rate.

On the boundary layers along bodies of revolution, the ef-
fects of transverse curvature have been investigated by several
authors. Young1 and Jacob and Dow2 used approximate tech-
niques to compute the velocity profiles without and with heat
transfer, respectively. Seban and Bond3 solved the problem
using a power series valid close to the leading edge. Glauert
and Lighthill4 used the Polhausen method to obtain results
both near the leading edge and far downstream, and Stewart-
son5 studied the effect of compressibility. Jaffe and Okamura6

computed the flow over a range that began at the leading edge
and extended far downstream using an explicit finite-differ-
ence method. However, for the case of a cylinder with a blunt
nose, Smith and Clutter7 pointed out that the solution may fail
to converge at the outer region of the boundary layer by apply-
ing an explicit integral scheme. Thus, to avoid the numerical
instability, implicit methods have been suggested8 for solving
the boundary-layer equations.

The nature of the instability mechanism in axisymmetric
boundary layers has been examined experimentally, for exam-
ple, by Brown,9 Knapp and Roache,10 and Kegelman et al.11

Morris and Byon12 made a calculation for the stability of a
boundary layer on a circular cylinder. However, they restricted
the analysis to that for axisymmetric disturbance only and did
not obtain the neutral stability curves. Although there is no
difficulty in deriving the linearized perturbation equations for
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general nonaxisymmetric disturbances, the resulting equations
are extremely complicated and cannot be reduced, by a trans-
formation of Squire's type, to an equivalent axisymmetric
problem. The Chebyshev collocation spectral method enables
the perturbation equations to be solved accurately and effi-
ciently. The method has been employed in the plane Poiseuille
flow and Blasius flow problems13 to obtain highly accurate
solutions. The eigenvalue problems of hydrodynamic stability
are often difficult because they usually require the solution of
nearly singular boundary value problems. It is desirable to use
the Chebyshev collocation spectral method14*15 because of the
following advantages: 1) it has good convergence properties,13

and 2) derivatives can be calculated by analytical differentia-
tion of the functions used, which can therefore be differenti-
ated as often as desired to substantially exclude the effect of
numerical dissipation.

As long as the boundary-layer thickness is small compared
with the body radius, the plane stability results may be used
with confidence and also the Squire's theorem exists. How-
ever, if the boundary-layer thickness is of the order of the
cylinder radius, then the transverse curvature effect must be
accounted for. Furthermore, spin motion induces a centrifugal
instability on large-curvature cylinders, or a crossflow instabil-
ity on small-curvature cylinders, and, thus, may dramatically
change the boundary-layer transition characteristics. As a val-
idation of the numerical procedure, comparisons are made
between the present result for a large cylinder radius and that
for a flat plate boundary layer obtained by Jordinson.16

II. Analysis
This section gives a description of both the basic laminar

boundary-layer solution and the linearized stability analysis.

Laminar Boundary Layer
For incompressible laminar flow over a circular cylinder, a

sketch of the coordinate system is shown in Fig. 1. The equa-
tions governing the steady, thin and axisymmetric boundary
layer in cylindrical coordinates are as follows:
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where w is generated by the body spin motion. It was found
that, for the simultaneous rotation and forced flow, there
exists no similarity transformation to reduce the partial differ-
ential equations to ordinary ones. Nevertheless, the following
similarity-type transformations making use of the stream func-
tion can still be used,

1 3*--Z-
r dr

i
(4a)

(4b)

(4c)

(4d)

(4e)

(4f)

For a given x, the numerical value of | is proportional to the
ratio of the local boundary-layer thickness and the radius of
the cylinder. By manipulating Eqs. (4a-f), the velocity compo-
nents can be written as

(5)

* >O I rv*<jo \ - _ *-K \fj
v = - - I —— (rj/' -/) - — — (6)

(7)

where the superscript prime denotes partial differentiation
with respect to ij. Upon substitution of Eqs. (5-7), the gov-
erning differential equations (2) and (3) become

In terms of the transformed coordinates
conditions are

/'«,»)-2

««,») = 0

(9)

), the boundary

(lOa)

(lOb)

(lla)

(lib)

Fig. 1 Coordinate system and a sketch of the boundary layer on a
circular cylinder.

where s is the ratio of the tangential velocity of the cylinder
surface to the freestream velocity.

Linear Stability Analysis
To investigate the stability of the boundary layer, the flow

is decomposed into a steady mean field (U,W) and an un-
steady small perturbed field (u',v',w',p'). Substitution of
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those quantities into the unsteady equations of motion results
in the following linearized equations:

dv' yj_ 1 aw' du'
dr r r d6 dx

du' dU du' W du'—— + v' — + U —— + — ——
dt dr dx r dO

dp' 1 \&u' 1 du' 1 d2u' d2u

(12a)

dv' dv' W dv' 2Wv'—— + u —— + — —— _ ———
dt dx r dB r

_ L l 1 dv' _ v /

dr Re [ dr2 + r dr r2

_
' 1 (12c)

dt
aw7

-T—dx dr r 30

(12d)

in which U and W are solutions of Eqs. (8) and (9), and

(13)

is the Reynolds number proportional to the boundary-layer
thickness. The fluctuations are assumed to have the Fourier
forms

u' = u(r) • exp [ia(x -ct) + in 0]

v' = v(r) • exp [ia(x -ct) + in 0]

w' = w(r) • exp [ict(x -ct) + in 0]

P' =P(r) -exp[/a(jc - ct) + in 0]

(14a)

(14b)

(14c)

(14d)

where n=Q represents an axisymmetric perturbation and a
positive n represents a disturbance wave propagating at an
angle <p = tan-l(n/a) to the axial direction in the quadrant
plane formed by the positive axial and positive spinwise direc-
tions. On the other hand, a disturbance propagating in the
opposite direction is represented by a negative n. Substitution
of Eqs. (14a-d) in the linearized equations yields

(15a)

ia(U-c)u+U'v + iotp + i——

(15b)

-

whose boundary conditions are

ft(oo) = v(oo) = w(oo) =p(oo) = 0

(16a)

(16b)

Using Eqs. (4c) and (4d), the perturbation equations (15a-d)
are transformed into the computational domain (£,ry),

of
(17a)

ia(U-c)u ' v + i

64J
(17b)

(17d)

where the primes represent derivatives with respect to 17, and f
is a combined quantity, defined as (1 + £ry)/4. Boundary condi-
tions (16a) and (16b) then become

w(0) = v(0) = w(0) = 0

w(oo) = v(oo) = vV(oo) =^(oo) = 0

(18a)

(18b)
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Fig. 2 Schematic of the computational grid system.
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III. Method of Solution
In the boundary layer along a cylinder of constant radius,

the axial velocity is not affected by the tangential velocity, as
indicated by Eqs. (2) and (8). Thus, the tangential velocity is
computed by solving Eq. (9) for g after the solution for/has
been obtained from Eq. (8). An implicit method is used for the
computation to avoid the possible numerical instability in the
outer region of the boundary layer for a nonsimilar flow. On
the other hand, a linearized stability analysis of the flow is
carried out by employing the Chebyshev collocation spectral
method.

Implicit Method for Computating the Mean Flow
Equation (8) is first reduced to a set of ordinary differential

equations by using an approximate representation of the
derivatives with respect to £, which are of first order and
appear only on the right side of the equation.

The boundary-layer flow is computed by marching in the
direction of increasing £. At any station m, the quantities
(d//d£)m and (d/'/d£)m are approximated in terms of the val-
ues of/and/' at the local and previous stations. At the zeroth
station, the right side of Eq. (8) vanishes since £0=0, and
derivatives with respect to £ are not needed so that the equa-
tion reduces to that for the Blasius flow.

It is more convenient to reduce Eq. (8) to second order. To
this end, the variable• F =/' is introduced and Eq. (8) is re-
written as

(19)

The two variables/and F in this equation are related through
the expression

(20)

(21a)

(21b)

The boundary conditions are

F«,0)=/(£,0) =

F«,oo) = 2

3.2

0.8

0.0 1.0

Fig. 3 Axial velocity profiles for different values of { on nonspinning
cylinder.

0.16

a

16000.

Re

Fig. 4 Neutral stability curves for axisymmetric disturbances.

0.24

0.16

1250. 2500.

Re
3750. 5000.

Fig. 5 Neutral stability curves for axisymmetric and nonaxisymmet-
ric disturbances at £ = 0.3 (critical condition is determined by the n - 2
curve).

A variable size grid in the 17 direction is adopted to handle
the boundary layers characterized by large thickness, which
permits shorter steps close to the wall to maintain computing
accuracy. A small A£ of 0.015 is used near £ = 0 to avoid
divergence of the solution. Thereafter, the size of A£ does
not need to be so small, but the same small value has been used
in the present computation. The schematic of the grid system
is shown in Fig. 2. Central-difference approximations to the
derivatives F^ and Fm at £m are obtained by expanding Fm>rt+1
and Fm > w_i in Taylor series about (m,n). Thus, Eq. (19)
becomes

CnFm,n+l = (22)

which represents a set of N-2 simultaneous algebraic equa-
tions at each station m for the unknowns Fm>n (n = 2,3,4, . . . ,
N-l).

Finally, Eq. (22) is rewritten in the standard form with sub-
scripts m omitted,

(23)

(24)

The boundary conditions are

Fj = 0, FN = 2

where n = 1 denotes the wall and n =N the edge of the bound-
ary layer. A solution procedure justified by Richtmeyer17 is
applied to solve Eq. (23) with boundary conditions (24). Once
Fm%n have been determined, the corresponding solution for
fmtfl can be found by direct numerical integration of Eq. (20).

The calculated values of Fm,w and/m>w are used to determine
the new values of the coefficients An,Bn,Cn, and Dn, which
in turn leads to a set of improved values of Fm>w and/m,w. The
process is repeated until the results of two successive iterations
agree to within a specified tolerance, typically of order 10"6.

After the solution/of Eq. (8) has been computed, Eq. (9) is
then solved with boundary conditions (10) and (11) using a
similar procedure to obtain the tangential velocity distribu-
tion.
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Fig. 6 Curves of the lowest Reynolds number vs the curvature factor
£ for axisymmetric and nonaxisymmetric disturbances, whose lower
envelope is defined as the critical curve.

Chebyshev Collocation Spectral Method for Stability Analysis
The stability problem has been reduced to solving an eigen-

value problem formed by Eqs. (17a-d) and boundary condi-
tions (18a) and (18b). As a first step, the semi-infinite range of
ij between 0 and oo is transformed by using the transformation

(25)

onto the interval between 1 and 0 of the transformed variable,
where Y>0 is a scaling pararneter.

Any function 0(iJ) in the computational domain, which can
be ft, v, w, or f> in Eqs. (17a-d), is expanded in a Chebyshev
series after the transformation (25),

(26)

(27)

k=0

Since the Chebyshev polynomials

Tk 0?) = cos \k • arccos(ij)]

are defined in - 1 <T? < 1, the function <t>(rj) is extended to the
interval between - 1 and 0 by defining

<t>(ri) = P, (28)

Instead of calculating the coefficients (j>k in Eq. (26) directly,
we use the Chebyshev matrix collocation method. To calculate
derivatives, values of the functions at the collocation points

cos(7r//W), (29)

are used. The derivatives (t>(p)(rjj) are obtained from the matrix
multiplication

(30)

Thus, the collocation matrices, which depend only on TV', are
generated by the following formulas

m
u - ~ 1J

N,N,

(31b)

(31c)

where

C0 = CN. = 2

or N'

(32)

The matrix collocation method is now modified for the 17
interval so that derivatives with respect to 17 can be directly
calculated within this interval. There are N number of colloca-
tion points within the interval 0< ij < 1 after the inverse trans-
formation. They are

in which

N'

»-%.
for N' odd

for N' even

(33)

(34a)

(34b)

Equation (30) becomes, after transformation into the ry inter-
val,

(35)

The transformed matrix and the matrices £>$ for higher
derivatives, p > 1, are calculated by using the chain rule as

17000. r

15000.

13000.

11000.

(36b)

(360

7000.
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

(3la) Fig. 7 Critical curve of the Reynolds number based on cylinder
radius.
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where

(36d)

(37)

In terms of the collocation matrices, the perturbation equa-
tions (17a-d) are expressed in the following form:

0 (38a)

v + Ip - clu = 0 (38b)

(38c)

(38d)

A block-generalized eigenvalue system is thus obtained,

4 n] [An] [A13] [Au]
[A2i] [Av\ [Azd 1^24]
t^3ll U32] [^33] [^34]

IA41] [A42] [A43]

lu]
[v]
[w]

W

[B12] [B13] [B14]
[B2l] [B22] [B23] [£24]
[B3l] [B32] [B33] [B34]
[B4i] [B42] [B43]

M
[v]

(39)

where both [A] and [B] are 47Vx4N matrices, and c is the
eigenvalue diagonal matrix. In the eigenvalue system, [ft], [v],
[ft], and [p] represent the eigenfunctions of the velocity and
pressure fluctuations, respectively.

IV. Results and Discussion
In the present analysis, only the temporal stability character-

istics are examined. The results for the stability of laminar
boundary layers on a constant-radius cylinder with and with-
out spin are presented separately.

Nonspinning Cylinder
The axial velocity profiles computed for various values of £

are plotted in Fig. 3. According to the definition [Eq. (4c)] of
£* they represent either the velocity profiles at different sta-
tions along a semi-infinitely long cylinder of a given radius or

those at a fixed distance from the leading edge on cylinders
having different radii, with £ = 0 representing the Blasius ve-
locity profile for the similar boundary layer on a flat plate.
Figure 3 shows that the effect of increasing the transverse
curvature by reducing the cylinder radius is to make the veloc-
ity profile fuller near the cylinder and less steep at the edge of
the boundary layer, leading to a higher shear stress at the wall.

Without any computational instabilities, the velocity pro-
files obtained here using an implicit method agree in appear-
ance with those obtained by Jaffe and Okainura6 using an
explicit method. Although a direct comparison cannot be
made because of the Unavailability of numerical data describ-
ing the velocity profiles in Ref. 6, a maximum difference of
only 1.2% in skin friction values is found between the two sets
of solutions. ',

Stability analyses of the velocity profiles shown in Fig. 3 are
then performed. To test the accuracy of the present compu-
tational procedure, a case for n =0 and £ = 0 is used in which
#e = 5.8xl02, a = 0.179, 7 = 5, and AT = 31. The complex
eigenvalues of c so computed agree very well with those ob-
tained by Latirien13 under the same conditions but using a
different numerical procedure. It requires approximately 0.2 s
on Cyber 205 for such a single run.

For given n and £, the results of the stability analysis are
presented in the a vs Re diagram in the form of constant c/
curves. Among those curves, the locus c, =0, which separates
the region of stable from that of unstable disturbances, is
called the curve of neutral stability. For the axisymmetric
mode n = 0, the neutral stability curves are plotted in pig. 4 for
different values of £. The £ = 0 curve shows that the critical
Reynolds number is 3.07 x 102, above which the axisymmetric
disturbances are amplified and the flow becomes unstable.
This value is equivalent to a critical Reynolds number of
5.28xl02 based on the boundary-layer thickness. The close
agreement with the value 5.2 x 102 obtained by Jordinson16 for
the flat plate boundary layer serves again as a check for the
accuracy of the present method. The phenomenon that the
critical Reynolds number increases with increasing £ indicates
that the transverse curvature has a stabilizing effect on axisym-
metric disturbances.

Figure 5 shows the neutral stability curves for the first three
nonaxisymmetric modes as compared with that for the axisym-
metric mode, all computed for £ = 0.3. It reveals that, at this
nonvanishing value of £, n =0 is no longer the most unstable

3.2

Fig. 8 Tangential velocity profiles for various values of $ on a spin-
ning cylinder with 5 = 1.
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Fig. 9 Neutral stability curves for axisymmetric and nonaxisymmet-
ric disturbances at £ = 0.3 with 5 =0.05 (critical condition occurs on
the n =3 curve).
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Fig. 10 Curves of the lowest Reynolds numbers f or n - 0 with differ-
ent spin rates.

mode so that Squire's theorem may not be valid for flow with
a transverse curvature.

The critical Reynolds numbers for n < 3 are plotted against
£ in Fig. 6, showing that the transverse curvature has also a
stabilizing effect on each of those nonaxisymmetric distur-
bances. For a given £, each mode has its own critical Reynolds
number. The lowest among all critical values is defined as the
critical Reynolds number of the boundary layer at that partic-
ular £, which is represented by the lower envelope of all curves
shown in Fig. 6. Note that the most unstable mode varies along
this critical curve; it changes from n =0 for £ close to zero to
n = 2 for £ up to around 0.67, and changes again to n = 3 as £
increases further, and so forth.

Since Re and £ are both functions of #, it is sometimes more
convenient to plot the critical curve alternatively in the Refo vs
£ diagram, as shown in Fig. 7, where Rero = U^TQ/V is related
to Re through the equation

Re. = 4Re/$ (40)

which is deduced from Eqs. (4c) and (13). The curve shows
that a minimum value of Rero = 8.4875 x 103 is required to
make the boundary layer unstable at a value £/r = 0.33, with
n = 2 being the mode to be amplified. The corresponding loca-
tion of onset of instability can be computed by using Eq. (4c),

I , %tr

At a higher value of Rero, the value %tr shifts to a lower value
on the left branch of the critical curve in Fig. 7, and the
location of onset of instability xtr can be calculated in a similar
manner. For example, £,r = 0.1 at Rero = 1.52Sx 104, the re-
sulting position of onset of instability is shifted upstream to
xtr = 9.55r0 and the excited mode is still n -2.

In the case of small £, such as that for a cylinder of large
radius or for a flat plate, it is preferable to use Fig. 6 instead
of Fig. 7 to determine the condition for the onset of instability.

Spinning Cylinder
The spin motion introduces an additional mean flow in the

tangential direction, whose profile can be obtained by solving
Eq. (9) with boundary conditions (10) and (11) after the axial
velocity has been computed from Eq. (8). Plotted in Fig. 8 are
typical tangential velocity profiles at different values of £,
obtained for s = 1, i.e., for the case in which the tangential
velocity at the surface is equal to the freestream axial velocity.

3500. r-

3000. -

2500. -

n=0

2000. -

Re

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

1500. -

1000. -

500. -

Fig. 11 Curves of the lowest Reynolds number vs the curvature fac-
tor £ for axisymmetric and nonaxisymmetric disturbances with spin
rate s =0.05.

15000. r

13000.

11000.

9000.

7000.

5000.
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

-• 57.77 r0 Fig. 12 Comparison of critical curves for spinning and nonspinning
cylinders.
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Since the axial velocity profiles are not influenced by the rota-
tion, they remain the same as those shown in Fig. 3.

The effect of spin on boundary-layer instability can be ob-
served by comparing the neutral stability curves plotted in Fig.
9 for s = 0.05 with those in Fig. 5 for s = 0, in which both sets
of curves are computed at £ = 0.3. For this particular value of
£, the critical Reynolds number drops from 6.39X 102 in the
nonspinning case to 4.8 x 102 in the presence of rotation with
s = 0.05, and the most unstable mode changes from n = 2 to 3.
It is noted that, for ex-*0, the lower branch of the neutral
stability curve may become very close to the Re axis in the
(a,Re) plane.18 No computations have been made herein since
such a small value of a may cause large numerical errors and
result in an inaccurate solution.

The lowest Reynolds number that makes the n =0 mode
unstable is plotted in Fig. 10 as a function of J. It shows that
this mode is destabilized by increasing the spin rate. Such a
behavior is found also in all other modes.

Plotted in Fig. 11 are the critical Reynolds numbers for the
disturbed modes «<4 at different values of £ for 5=0.05.
Along the critical curve, which is the lower envelope of all
curves in Fig. 11, the most unstable mode varies rapidly from
n= 0 to 3 in a small range of £ close to zero. It remains at n = 3
for £ up to 0.57 and changes to n =4 as £ becomes >0.57.

Figure 12 shows the comparison of the critical curve for a
spinning cylinder of s = 0.05 with that for a nonspinning cylin-
der in the Refo vs £ diagram. It is found that the required value
of Rero to make the boundary layer unstable is equal to
6.3846 x 103 at a value £,r = 0.288, which gives an earlier loca-
tion of onset of instability at x,r = 33.1r0 as compared with
57.77r0 in the absence of a spin. In general, as can be seen in
Fig. 12, the effect of spin is to destabilize the boundary-layer
flow and to move the onset of instability upstream.

V. Conclusions
Numerical techniques have been successfully applied to

study the stability of boundary layers on nonspinning and
spinning circular cylinders whose axes are aligned with the
oncoming flow. Authors were unable to find experimental
data on stability of the boundary layer on a semi-infinite circu-
lar cylinder for comparison with the present calculations.
However, the present results show that the Squire's theorem
that n =0 is the most unstable mode is not valid for the flow
along a circular cylinder with or without a spin, unless the
cylinder radius is extremely large compared to the boundary-
layer thickness. Transverse curvature has a stabilizing effect
on both axisymmetric and nonaxisymmetric disturbances. Ro-
tational motion of the cylinder destabilizes the flow and shifts
the onset of instability toward the leading edge.
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